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Hakusan (https://www.jaist.ac.jp/project/saigawa/) is a confluence tool for left-linear
term rewrite systems (TRSs). It analyzes confluence by successive application of rule removal
criteria [6, 4] based on rule labeling [5, 8] and critical pair systems [3]. Confluence proofs of
Hakusan are now verifiable by CeTA [7], see [2].

With a small example we illustrate confluence analysis in our tool. Let R be a TRS and
S ⊆ R a subsystem of R. We write PCPS(R,S) for the parallel critical pair system given by
{s → t, s → u | t R←−7 [− s

ϵ−→R u is a parallel critical peak but not t←→∗
S u}. Moreover, we write

R↾S for the TRS {ℓ→ r ∈ R | Fun(ℓ) ⊆ Fun(S)}.

Theorem 1 ([4]). Let R be a left-linear TRS and S ⊆ R. If every parallel critical pair of R is
joinable, PCPS(R,S)/R is terminating, and R↾S ⊆ →∗

S then R and S are equi-confluent.

Example 1. Consider the left-linear TRS R:

1: s(p(x))→ p(s(x)) 2 : p(s(x))→ x 3: ∞→ s(∞)

We show the confluence of R by using the rule removal criteria based on parallel critical pair
system and rule labeling.

(i) The TRS R admits two parallel critical peaks and the corresponding critical pairs join:

s(p(s(x)))

s(x) p(s(s(x)))

ϵ p(s(p(x)))

p(p(s(x))) p(x)

ϵ

Let S = {3}. The parallel critical pair system PCPS(R,S) consists of the four rules:

s(p(s(x)))→ s(x) p(s(p(x)))→ p(p(s(x)))

s(p(s(x)))→ p(s(s(x))) p(s(p(x)))→ p(x)

By taking the linear polynomial interpretation A on N with

sA(n) = 2n pA(n) = n+ 1 ∞A = 0

the inclusions PCPS(R,S) ⊆ >A and R ⊆ ⩾A hold. Thus, PCPS(R,S)/R is terminating.
As Fun(S) = {s,∞} implies R↾S = {3} = S, we obtain R↾S ⊆ →∗

S . Therefore, by
Theorem 1 the TRSs R and S are equi-confluent.

(ii) As S admits no parallel critical peaks, the rule removal criterion based on rule labeling [4]
proves the equi-confluence of S and ∅.

(iii) The empty TRS ∅ is trivially confluent.

Hence the original TRS R is confluent.

As a final remark, our tool employs the SMT solver Z3 [1] for automating the compositional
confluence criteria and the reduction method.

https://www.jaist.ac.jp/project/saigawa/
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